
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



204 



A GENERALIZATION OF THE STROPHOID. 



[May, 



again at U,. Let the variable circle cut g again at H. Then as triangles QRU S 
and SHU S are similar: 

U*H_U S Q 

U S S UsR 




Fig. 2. 



k, constant. 



As the variable line i$T moves parallel to itself, 
the segments it cuts on the fixed lines from U s are 
proportional, so 



Thence 



=rr— = k , constant. 






k_ 
k' 



c, constant. 



The procedure given is to draw PU arbitrarily from P to cut g at U; to determine 
H on g from the constant ratio just proved; and then to construct the circle 
through QRH to cut PU in points of the curve. 



A GENEEALIZATION OF THE STROPHOID. 

By J. H. WEAVER, Ohio State University. 

W. W. Johnson has given the following generalization for the strophoid. 1 
Let A and B be two fixed points, and let two variable lines PA and PB make 
with AB angles <j> and \f/, respectively. Let a be a constant angle and let P 
move so that 

n<f> ± rrup = a. (1) 

Then the locus of P is a strophoid. Equation (1) shows that there is associated 
with this set of curves a circle having a segment with AB as base in which the 
angle a may be inscribed. 

In the following discussion some curves are developed which have associated 
with them the three conic sections. 

Elliptic Case. Let there be an ellipse E with major axis AB, and from 
A and B let variable lines AP and BP be drawn making angles di and 2 respec- 
tively with AB. Let AQ and BQ be so drawn as to make angles ± mdi and 
± ndi with AB. When the locus of Q is the ellipse E, the locus of P is a curve 
whose equation may be developed as follows. (In this development we will 
consider m and n as positive integers and relatively prime to each other.) 

The slope of AQ is tan (m6\) and of BQ is tan (w0 2 ). Then since Q is on E 
we have 

tan (mOi) -tan (nd 2 ) = - b 2 /a 2 , (2) 

1 "The Strophoids," American Journal of Mathematics, vol. 3, 1880, pp. 320-325. See also 
G. Loria, Spezielle algebraische und transcendente ebene Kurven, Berlin, vol. 1, 1910, p. 73. This 
Icass of curves includes the sextrix curves as a subclass. See Loria, I.e., p. 390. 
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where the equation of E is ap/a 2 + y 2 lb 2 = 1. Then using the same axes, the 
equations of AP and BP are 

(AP) y=(x + a) tan 0,, (3) 

(BP) y = (x- a) tan 2 . (4) 

Eliminating 0i and 2 from (2), (3) and (4) we have 

(™ ) y(x + a)"- 1 - ( 3 ) ^ + «) m - 3 • • 
( ^ 2/(x - a)"" 1 - ( ^ »»(* - a)- 3 • • • 
+ b 2 Ux + a)» - ( ™ ) ft* + «) ro " 2 •••][(*-«)"- (2)^^ - a )"~ 2 * • • ] 

= 0, 

an equation of degree m-\-n. 

We will designate the curve (5) as C OT ,„. The curve C m , n has m — n asymp- 
totes. These pass through the same point 1 if a = b. If m — n is odd, there will 
be one asymptote parallel to the y axis. Its equation will be 

rib 2 + ma 2 na 2 + mb 2 

x = -T5 2 a > or * = — 2 w a > 

rao'' — ma 1 rwr — mr 

the former when m is even and n odd, the latter when m is odd and n even. 

Theorem I. TAe curve C m , n has an m-tuple point at A and an n-tuple point 
at B, and the tangents to the curve at each of these points make equal angles with each 
other. 

This theorem may be readily proved in the usual way. 

Theorem II. The rth polar of B with respect to C m , n is Cm~ r ,n (r = m), 
and of A is C m , n -* (r ^=n). 

By substituting — b 2 for b 2 we obtain the hyperbolic case. 

Parabolic Case. Let there be given a parabola and let there be drawn 
through the vertex a line making an angle n<$> with the axis and cutting the para- 
bola in the point Q. Through Q draw a line parallel to the axis, and let this line 
be cut in the point P by a line through the vertex of the parabola and making an 
angle <£ with the axis of the parabola. Then the locus of P is a parabolic stro- 
phoid. Its equation may be 'determined as follows: Let be the origin, and 
let the vertex of the parabola be at the origin, and its axis the a;-axis. Then the 
equations of the parabola and of the lines OQ and OP are 

y 2 = A.ax, (6) 

(OQ) y = xtan(n<j>), (7) 

(OP) y = x tan 4>. (8) 
1 See Loria, I.e., p. 392. 
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From (6) and (7) we may find the equation of the line through Q parallel to the 
z-axis, and eliminating tan <f> from this equation and (8) we get for the equation 
of the curve 

±a\x n -( n \x n ~Y •••] 

(")*- 1 y-(g)**-V--- 

The curve (9) has an ra-tuple point at the origin, and the tangents at this point 
make equal angles with each other. 

Since (9) is of degree B+lwe will designate it as C n +i. 

Theorem III. The (r + l)th polar of the -point at infinity on the axis of the 
parabola y 2 = 4ax with' respect to C n +i is C„- r . 

This may be proved by finding the polars in the ordinary way. 

A Special Elliptic Case. In equation (5) let m = 1 and n = 2 and we 
obtain the cubic 

bY(x + a) - 2a 2 y 2 (x - a) - b 2 (x + a)(x - a) 2 = 0. (10) 

Theorem IV. 7/ in the curve (10) a line is drawn through A cutting the curve 
in the points P and P', and the ellipse in C, then the tangents to (10) at P and P' 
and to E at C are concurrent. 

Proof: Draw through A another line. cutting (10) in the points Pi and Pi' 
and E inCi. From the construction of the curve (10) it follows that (AC, PP') 
and (ACi, PiPi) are harmonic ranges. Since these ranges have a point A in 
common they are perspective. Therefore PPi, CCi and P'Px' are concurrent. 
If now we consider the lines AP and ^4Pi to become coincident, the lines PPi, 
etc., become tangents. 1 

The two following theorems may also be proved without difficulty : 

Theorem V. The first polar of A with respect to (10) is the ellipse E. 

Theorem VI. The locus of the point of concurrence of the tangents in theorem 
IV is a cuspidal cubic, having B as cusp and the asymptote of (10) as asymptote. 

If in (10) a = b, the curve is the right strophoid, and if b 2 = a 2 /2 it is the 
folium of Descartes. 

A Special Parabolic Case. Let n = 2 in (9) and it becomes 

2a(x 2 - y 2 ) = xy 2 . (11) 

Theorem VII. Let a line be drawn parallel to the axis of the parabola y 2 = Aax 
cutting the parabola in the point C and the cubic (11) in the points A and B, and let 
tangents be drawn to (11) at the points A and B and to the parabola at C. These 
tangents are concurrent. 

The proof is similar to that of theorem IV. 

Theorem VIII. The locus of the point of concurrence of the tangents in theorem 

1 See Bassett, An Elementary Treatise on Cubic and Quartic Curves, Cambridge, 1901, p. 67. 
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VII is a cissoid which has its cusp at the vertex of the parabola and whose asymptote 
is the asymptote of (11). 

Theorem IX. The parabola y 2 = 4aa: is the curvilinear diameter of the cubic 

(11). 

The proofs of theorems VIII and IX offer no difficulty and are therefore 
omitted. 



HONOR TO PROFESSOR E. H. MOORE. 

By H. E. SLAUGHT, University of Chicago. 

At the two hundred twenty-second regular meeting of the American Mathe- 
matical Society, held at the University of Chicago April 14, 15, 1922, there was 
celebrated the twenty-fifth anniversary of the founding of the Chicago Section 
of this Society. The history of this Chicago Section is almost coincident with 
that of the University of Chicago where the great majority of its forty-nine 
meetings have been held. These meetings, which began in 1896 with the reading 
of fourteen scientific papers at the first informal session, gradually increased in 
attendance and importance until they were recognized by the Society as of co- 
ordinate standing with those of the parent organization in New York and were 
officially designated as regular Western meetings of the Society. The one just 
held was the seventeenth and largest of this kind, over one hundred members 
being in attendance. 

The young and vigorous department of mathematics of the University of 
Chicago in 1896, with its remarkable trio of leaders, Professors E. H. Moore, 
Oskar Bolza, and Heinrich Maschke, naturally assumed the important r61e of 
leadership in fostering mathematical research in the Middle West, as reflected 
in the phenomenal growth of the Chicago Section. To those who know Professor 
Moore scientifically and personally, it is no surprise that he at once became, and 
still remains, the leader of leaders in this great work. It is universally recognized 
that he stands quite alone as regards the scope and strength of his influence on 
the development of mathematics in America, not only through his own researches 
but also through his impress upon the hundred and more men and women who 
have gone out with the Chicago doctorate in mathematics, upon the hundreds 
of Chicago masters and other graduate students, and upon all others who have 
directly or indirectly come within his dynamic presence and captivating friend- 
ship. 

It was a foregone conclusion that any celebration of the last quarter of a 
century of mathematical activity in this country would center about Professor 
Moore, and hence a committee of his former students began more than a year 
ago to consider what kind of a testimonial would be most appropriate to present 
to him on this occasion. It was at once decided that none of the ordinary forms 
of gold or silver gifts, nor even a painted portrait, would adequately express the 
sentiments of his grateful admirers. They sought rather some token which 



